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SYNTHETIC TABLEAUX FOR LUKASIEWICZ’'S CALCULUS L3

MARIUSZ URBANSKI*

Abstract

In this paper synthetic tableaux for Lukasiewicz’s calculus £3 are
presented in detail. Basic properties of synthetic tableaux are de-
scribed as well as a systematic procedure for constructing a tableau
for any given formula of £.3.

1. Synthetic tableaux

Synthetic tableaux method (STM) is a semantically-motivated proof method
based on direct reasoning' . The main idea underlying STM is to solve via a
tableau the following problem: which (compound) formulas are “synthetiz-
able” (can be derived from the simpler ones) on the basis of certain sets of
(atomic) formulas. In the case of £.3 a synthetic tableau for a formula A is
defined as a set of derivations (synthetic inferences) of certain expressions,
describing truth-functional features of A, on the basis of consistent sets of
expressions, describing truth-functional features of propositional variables
of A. These expressions, describing the truth-functional features of formu-
las, will be obtained by the application of the so-called truth-signs and will
be called signed formulas (see section 3).

One of the most distinctive features of STM is that this proof method is well
grounded in the logic of questions. Synthetic tableaux were originally devel-
oped as so-called declarative parts of erotetic search scenarios (see [8] and
[9] for more details), thus they can be interpreted as formal representations
of systematic procedures aimed at searching for possible answers to certain
kinds of questions.
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paper also benefited from a bilateral scientific exchange project funded by the Ministry of
the Flemish Community (project BILO1/80) and the Polish State Committee for Scientific
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! For an extended presentation of the STM-method see [6]. The present paper 1s based
on chapter 3 of [6], but is not a mere translation of it.
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2. Basics

£3 is a well-known three-valued propositional calculus, developed by Luka-
siewicz (cf. [4] for details). The vocabulary of £3 consists of propositional
variables (p, ¢, r, ..., p1, p2, ... and so on), implication (—) and nega-
tion (—) as the only primitive connectives, and brackets as technical symbols
(which were originally avoided by Lukasiewicz by using so called Polish
notation). £.3 1s not truth-functionally complete, but other standard connec-
tives (as conjunction and disjunction) can be defined in it. The notion of a
well-formed formula of £3 is defined in the standard way. For conciseness,
instead of the expression ‘well-formed formula of £.3” we will use the term
‘formula’ or simply ‘wff”. We will use the letters ¢, @, ... (possibly with
subscripts) as metavariables for propositional variables, and the letters A, B,
... as metavariables for formulas of £.3.

The meanings of £.3 implication and negation are described by the following
matrices (in case of implication the first column represents the value of an
antecedent, the first row — the value of a consequent):

A | —-A
1 0
o |
0| 1
— 1 1/2 0
111 % 0
o1 1 Tp
o1 1 A

The sign ‘1 stands for Truth whereas the sign ‘0’ stands for Falsehood. The
symbol 1/>” stands for undefinedness or undeterminacy (the introduction of
the third logical value was strongly connected with Lukasiewicz’s indeter-
ministic philosophical account).

A valuation 1s defined as a distribution of the truth-values over the propo-
sitional variables. Valuations will be referred to as w, u, ... (possibly with
subscripts). As 1 is the designated truth value, a £3-valid formula is a for-
mula which is true under every valuation. The notions of satisfiability of a
set of wifs and of a formula are defined in the usual way.
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3. Signed formulas

Synthetic tableaux for £3 will be presented in subsequent sections using
so-called signed formulas. This concept was introduced by Smullyan (see:
[5]) and showed itself as extremely useful in constructing Smullyan-like
tableaux. There are two main reasons for that. First, it enables a very con-
cise formulation of inferential rules and a considerable shortening of proofs
of metatheorems. The second reason is that for some logics it is impossible
to construct a Smullyan-like tableaux without application of signed formulas
(see [2] for more details). The same hold for synthetic tableaux.

We will use T, F, N as the truth-signs: if A is a formula, then each of the fol-
lowing: TA, FA, NA is a signed formula. We will use &, #, % as variables
for truth-signs.

Truth-signs do not belong to the vocabulary of L3, so the truth values of
signed formulas are not determined by valuations and matrices for connec-
tives. Nevertheless, the truth value of a signed formula #A (where # is any of
T, F. N) is dependent upon the truth value of the formula A under a certain
valuation, so we will speak of the truth value of a formula #A with respect
to that valuation. The definition of this notion is given by the following ta-
ble (in the leftmost column there is indicated the truth value of a formula A
under a valuation in question):

A|TA FA NA
1 1 0 0

bl b A
0 0 1 0

Thus the truth value of a formula TA with respect to a certain valuation is
the same as the truth value of 4 under this valuation. The same holds for F A
and = A. In the third case, that of N A, the situation is slightly different.

In case of Smullyan’s analytic tableaux for CPC it is extremely easy to obtain
an unsigned version of a tableau from a signed one: it suffices to omit all T's
and to transform all F’s into ‘=’. The same holds in the opposite direction
and the same holds for synthetic tableaux for CPC. But this is not the general
feature of tableaux: as we have mentioned above, in some cases the truth
signs are indispensable. This is also the case here: there is no simple method
of elimination of the truth signs in case of synthetic tableaux for £.3 (at least
if one is not going to introduce into the vocabulary of £.3 some uncommon
connectives).
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4. Further syntax

In what follows we will make use of the notions of a subformula of a formula
A and of a degree of complexity of a formula.

If A is a formula of the form =B (or of the form (B — ('), respectively),
then B is (or both B, C' are) a proper subformula(s) of A and, at the same
moment, the only immediate subformula(s) of A. If A is a propositional
variable, then it has no proper subformulas at all. A formula I3 is a subfor-
mula of a formula A iff (if and only if) B is a proper subformula of A or
A = B. It follows that if C' is a subformula of some subformula of A, then
(' is a subformula of A. The set of all subformulas of A will be referred to
as Sub(A).

The notion of a degree of complexity of a formula A (symbolically: deg(A))
is defined here as the measure of the number of arguments of the connectives
occurring in A:

(i)  if A is a propositional variable, then deg(A) is 0;
(i)  deg(—A)isdeg(A)+ 1;
(iii) deg(A — B)isdeg(A) + deg(B) + 2.

Since the truth-signs T, F, N are not symbols of the vocabulary of £.3, the
notions of a subformula and of a degree of complexity of signed formulas
are defined in the same way as for their unsigned counterparts:

Sub(A) = Sub(TA) = Sub(FA) = Sub(NA)
deg(A) = deg(TA) = deg(FA) = deg(NA)

In the construction of the synthetic tableaux for £.3 the following rules will
be applied (we will call them £.3-rules):

CT-rule: CF-rule: CN-rule:
FATBINANB TAFB NA,FB|TANDB
T(A—B) F(A—B) N(A—B)
NT-rule: NF-rule: NN-rule:

FA 4 NA
T-A F-A N-A

The CT-rule allows one to derive T(A — B) from any of FA, TB or from
the pair NA, NB. The other rules should be understood in an analogous way.
We shall call a formula A a £3-consequence of a set of wffs X iff there exists
at least one derivation of A from X by means of the above rules.
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In what follows we will omit brackets round arguments of the truth-signs,
e.g. we will write ‘TA — B’ instead of “T(A — B)’. This convention will
not lead to any misunderstanding as no signed formula can be a subformula
of any wit.

5. Synthetic inferences

Definition 1: Let #A be a signed formula.
A finite sequence S = si,...,sy of signed wifs is a synthetic inference of
#A iff:
(1) every term of s is a subformula of A, preceded by a truth-sign;
(2) sy is a signed propositional variable;
(3) s is #A;
(4) for every s, (where g = 1,...,n) of s one of the following holds:
(a) if sq is a signed propositional variable #p, then none of #p, &p,
% (where #, & % are distinct truth-signs) occurs at any other
place in s;
(b) sg is a £3-consequence of some earlier formula(s) of S.

It is obvious that clauses 4a and 4b are disjoint.

Thus a synthetic inference of a signed formula #A is a finite sequence of
signed subformulas of it, which begins with some signed propositional vari-
able and ends with #A itself. Moreover, every (signed) propositional variable
occurs as a term in S only once, no matter of truth-signs, and every formula
which is not a (signed) propositional variable is derivable form some earlier
formula(s) of S by means of £3-rules.

Let us consider two examples:

Example 1
A synthetic inference S; of a formula T(p — ¢) — (p — (p — q)):

s1=Tp,N¢,Np—q,Np— (p—q), Tp—q9) = (p— P —q))

Example 2
A synthetic inference Sy of a formula T(p — ¢) — (p — (p — q)):
s2=Tg,Tp—q¢,Tp—>(p—q,Tp—q9) —(—(@—q)

It is easily seen that a synthetic inference of a formula #A can be viewed as a
derivation of #A on the basis of certain set of signed propositional variables
of A such that every propositional variable of A occurs in this set (in a signed
form) at most once.

In the above examples the terms of the sequences S; and S; were ordered













































